Abstract. It is well known that a complex Finsler structure F on a holomorphic vector bundle E over a compact Kähler manifold (M, g) defines a bundle-like pseudo-Kähler metric of Sasaki type on the total space of the associated projectivized bundle P E. Then using an argument inspired from the theory of vanishing theorems for complex analytic foliations, we obtain a vanishing cohomology theorem of Nakano's type for base-like forms with values in a foliated line bundle over P E.
Introduction
The main tool in the study of the vanishing theorems for the cohomology of holomorphic vector bundles in the theory of complex manifolds is so called "Bochner thecnique" which consists in studying the relations between curvature and cohomology, see [15, 20, 23, 26, 31] . In the theory of complex analytic foliations, the study of the vanishing theorems was initiated by I. Vaisman [25, 27] and J. Girbau [12] . The study of existence of holomorphic sections on complex Finsler bundles was initiated by S. Kobayashi in [19, 21] where a differential geometric characterization of negative holomorphic vector bundles is given and is proved an important vanishing theorem which states that a holomorphic vector bundle E with a strongly pseudoconvex complex Finsler metric F over a compact hermitian manifold (M, g) admits no holomorphic sections if a mean curvature is negative. Also, by using the technique of partial connections in complex Finsler geometry, some new vanishing theorems for holomorphic sections and cohomology groups are obtained by T. Aikou in [2] . This partial connection means a covariant derivation in transversal direction to the fibres of projectivized bundle P E. In a different way, using the Bochner technique for the horizontal Laplacian associated to a strongly Kähler-Finsler manifold, recently in [33] , is obtained a vanishing theorem for holomorphic forms on strongly Kähler-Finsler manifolds, which generalize some results of S. Bochner [6] [7] [8] . Also, by using the same technique of partial connections, in [30] , are obtained some vanishing theorems of Bochner and Kodaira type for some horizontal forms on strongly Kähler-Finsler manifolds. In a similar way, using the Bochner technique for vertical Laplacian [16] , we have obtained in [17] a vanishing theorem for vertical tensor fields with compact support on the total space of a complex Finsler bundle. The main goal of this paper is to continue the study of vanishing cohomology theorems related to complex Finsler structures in relation with complex analytic foliations geometric theory, see [12, 27] . Firstly, we make a short review about the geometry of complex Finsler bundles over a Kähler manifold and we present the pseudo-Kähler metric on the total space of the associated projectivized bundle P E, see [3, 9] . Next, in a similar way as in [30] for strongly Kähler-Finsler manifolds, we define an horizontal Hodge-Laplace operator for horizontal forms on the total space of P E and we extend these operators for horizontal forms with values in a foliated hermitian bundle over P E. Finally, using an argument inspired from J. Girbau [12] , we obtain a vanishing cohomology theorem of Nakano's type for base-like forms with values in a foliated hermitian line bundle over P E.
Preliminaries
Let us begin our study with a short review of the geometry of the total space of a complex Finsler bundle. For more, see [1, 3, 4, 24] . Let π : E → M be a holomorphic vector bundle of rank m ≥ 2 over a complex manifold M of dim C M = n. Let us consider U = {U α } an open covering set of M and (z k ), k = 1, . . . , n the local complex coordinates in a chart (U, ϕ) and s U = {s a }, a = 1, . . . , m a local holomorphic frame for the sections of E over U . The covering {U, s U }, U ∈ U induces a complex coordinate system u = (z k , η a ) on π −1 (U ), where s = η a s a is a holomorphic section on E z = π −1 (z). If we denote by g U V : U ∩ V → GL(m, C) the transition functions, then in z ∈ U ∩V, g U V (z) has a local representation by the complex matrix M a b (z) and if (z k , η a ) are the complex coordinates in π −1 (V ), the transition laws of these coordinates are: As we already know, the total space E has a structure of m + n-dimensional complex manifold because the transition functions M a b (z) are holomorphic. Consider the complexified tangent bundle T C E = T 1,0 E ⊕T 0,1 E, where T 1,0 E and T 0,1 E = T 1,0 E are the holomorphic and antiholomorphic tangent bundles. The vertical holomorphic tangent bundle V 1,0 E = ker π * is the relative tangent bundle of the holomorphic projection π and a local frame field on V
are the coefficients of the c.n.c. As in the case of general theory of vector bundles see [22] , we notice that the existence of a c.n.c. is an important ingredient in the "linearization" of geometry of the total space of a holomorphic vector bundle. In the following we consider the abreviate notations: 
. A strictly pseudoconvex complex Finsler structure on E, is a positive real valued smooth function F 2 = L : E → R + ∪ {0}, which satisfies the following conditions:
∂ b (L)) (the complex Levi matrix) is positive definite and determines a hermitian metric tensor on the fibers of vertical bundle V 1,0 E by the relation
According to [1] , [3] , [24] , a c.n.c. related only to the complex Finsler structure L is the Chern-Finsler c.n.c., locally given by
where (h ca ) denotes the inverse matrix of (h ac ). Throughout this paper we will consider the adapted frames and coframes with respect to the Chern-Finsler c.n.c. and the base manifold M to be compact and endowed with a Kähler metric g. Then due to J.-K. Cao and P.-M. Wong [9] , in natural manner we can consider the following hermitian metric structure of Sasaki type on the total space E × = E − {zero section}:
where g jk (z) is the Kähler metric on M , h ab (z, η) is the fundamental metric tensor defined by L and the adapted coframes are considered with respect to the Chern-Finsler c.n.c. Let us consider now the natural C × = C − {0} action on E × . The associated projectivized bundle of E is defined by P E = E × /C × with the projection p : P E → M . Each fiber P z (E) = P (E z ) is isomorphic to the m − 1 dimensional complex projective space P m−1 (C). The pull-back bundle p −1 E → P E is a holomorphic vector bundle of rank m. Thus, the local complex coordinates (z, η) on E may be also considered as a local complex coordinates system for P E as long as η 1 , . . . , η m is considered as a homogeneous coordinate system for fibers. All the geometric objects on E which are invariant after replacing η by λη, λ ∈ C × are valid on P E. The reason for working on P E rather than on E is that P E is compact if M is compact (see S. Kobayashi [19, 21] ). Let q : E × → P E be the quotient map and V 1,0 P E = ker p * be the vertical subbundle of T 1,0 P E. Then V 1,0 P E = q * (V 1,0 E), (see [3, 4] or [9] ), and
∂m } with q * Γ = 0, where Γ = η a .
∂a is the complex Liouville vertical vector field on E. By using the so-called Euler sequence (see [32] ), T. Aikou [3] shows that the complex Finsler structure L induces a hermitian structure on V 1,0 P E by the relation
On the other hand if H 1,0 P E is the horizontal subbundle of T 1,0 P E, i.e. T 1,0 P E = H 1,0 P E ⊕ V 1,0 P E, then the Kähler metric g jk (z) of the base manifold M induces in a natural manner a hermitian structure on H 1,0 P E. Thus, the following metric structure
defines a bundle-like pseudo-Kähler metric on the total space of the projectivized bundle P E. We denote its associated pseudo-Kähler fundamental form by
where
3 The Hodge star operator and horizontal Laplacian for horizontal forms on P E
In this section, similarly to [12, 13] and [30] , we introduce an Hodge star operator for horizontal forms on P E with respect to the metric structure G P E form (2.5) and a horizontal Laplacian for horizontal forms on P E with values in a foliated hermitian bundle E over P E.
The invariant volume form of P E with respect to the metric G P E is given by
Since (ω h P E ) n is a horizontal (n, n)-form, the above expression is invariant by replacing δη a and δη b by dη a and dη b , respectively. If we denote by
the pure vertical form of the volume form of P E, then,
where G = det(g jk ) and dχ =
be the space of all horizontal (p, q)-forms on P E, locally given by
those coefficients are zero homogeneous with respect to fibre coordinates, namely
For any two horizontal (p, q)-forms ϕ and ψ locally given by (3.3), at each point (z, η) ∈ P E, we define 
ii) * ψ = * ψ (that is, * is a real operator);
iii) * * ψ = (−1) p+q ψ.
Let us consider the horizontal differential operators ∂ h : Ω p,q (P E) → Ω p+1,q (P E) and ∂ h : Ω p,q (P E) → Ω p,q+1 (P E) locally given by
respectively, where * ϕ := * ϕ. It easily follows Proposition 3.2. The operators ∂ * h and ∂ * h are the adjoints of ∂ h and ∂ h , respectively, with respect to the inner product from (3.6), namely
Let E → P E be a holomorphic foliated vector bundle with r-dimensional fibre (here holomorphic foliated means that the transition functions only depend on z), endowed with a foliated hermitian metric h (here foliate means that h is locally given by a hermitian matrix (h uv ) depending only on z k and z k ) (index convention: u, v, . . . = 1, . . . , r).
Remark 3.1. According to [19] , any complex Finsler structure L(z, η) on E induces a hermitian structure h L on the pull-back bundle p −1 E → P E. If the complex Finsler structure comes from a hermitian structure on E, namely
Let us denote by Ω p,q (P E, E) = { ϕ = ϕ u ⊗ s u } the set of all E-valued horizontal (p, q)-forms, where ϕ u ∈ Ω p,q (P E) and {s u }, u = 1, . . . , r is any local basis of the sections of E. Using the associated hermitian connection locally given by ω v u = ∂h uw h wv we can define a hermitian product in the space of E-valued differential forms by
We define the operators
and ∂ * E,h in the space Ω p,q (P E, E) by the local expressions
where e(θ) means the exterior product by the matrix θ = (θ u v ), θ u v = h wu ∂h vw . In the end of this section we define the horizontal Laplace operator in Ω p,q (P E, E) by
and the space of E,h -harmonic forms in Ω p,q (P E, E) by
Using an argument similar to one used in Proposition 2 from [30] , we can easily obtain that the operator * preserve the base-like horizontal (p, q)-forms, since G = det(g jk ) depend only on z. Thus the all operators considered above preserve the base-like horizontal (p, q)-forms and similarly, we denote Ω p,q b (P E, E) the set of all base-like E-valued horizontal (p, q)-forms on P E and H p,q b (P E, E) the space of all E,h -harmonic forms in Ω p,q b (P E, E), respectively. In the sequel of this section following an argument inspired from complex analytic foliations theory see [12] , we obtain a vanishing cohomology theorem of Nakano's type for base-like E-valued horizontal (p, q)-forms on P E. As well as we seen the metric structure G P E from (2.5) is pseudo-Kähler, (dω h P E = 0). Denote by L h the left exterior multiplication by ω h P E and define
h is its adjoint. Using * and the same reasoning as in [11] one can get (on Ω p,q
Let E → P E be a holomorphic foliated vector bundle endowed with a foliated hermitian metric h. One can prove by a componentwise computation that one has on Ω p,q 
One verifies easily
where R v u = ∂ω v u . We shall also employ the operator # : Ω p,q
One can see that (h uv ) α * ϕ v α , defines an E * -valued global form. Now, following step by step the proof of Theorem 5.1. from [12] , we obtain the next generalized Nakano's vanishing cohomology theorem for foliated hermitian line bundles over P E:
) be a complex Finsler bundle over a compact Kähler manifold and ( E, h) → P E be a hermitian foliated line bundle over P E. Let R = R jk dz j ∧ dz k , j, k = 1, . . . , n be the curvature form of the hermitian metric h. Suppose that the matrix (R jk ) defines, at each point (z, η), a negative definite hermitian product in H 1,0 P E. Then there is a bundle-like pseudo-Kähler metric
on P E such that with respect to the metric G P E we have H p,q b (P E, E) = 0, for p + q < n.
For instance we can consider the line bundle E to be the dual of canonical line bundle K(P E) = Λ n H 1,0 P E → P E as follows: Let {U α } be a cover of M . The functions f α = det(g jk )| α on each U α glue up to a foliated hermitian metric in K(P E) * . The curvature form corresponding to the unique connection of type (1, 0) associated to this metric is locally given by
Thus, by applying the above theorem to the case of foliated hermitian line bundle K(P E) * → P E, we obtain Corollary 4.2. Let π : (E, L) → (M, g) be a complex Finsler bundle over a compact Kähler manifold and K(P E) * → P E the dual of canonical line bundle over P E with the foliated hermitian metric f α = det(g jk )| α . Let R be the curvature form of the connection associated to this metric. Suppose that the matrix (R jk ) defines, at each point (z, η), a negative definite hermitian product in H 1,0 P E. Then there is a bundle-like pseudo-Kähler metric
on P E such that with respect to the metric G we have H p,q b (P E, K(P E) * ) = 0, for p + q < n.
